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Abstract 


In 1975, P. Erdés proposed the problem of determining the maximum number 
f(n) of edges in a graph of n vertices in which any two cycles are of different lengths. 
In this paper, it is proved that 


f(n)>n4+32t-1 


. Consequently, 


for t = 27720r + 169 (r > 1) and n > 691142 4 5441; _ 3309665 


lim inf p00 fay > (2+ Be. 
1 Introduction 


Let f(n) be the maximum number of edges in a graph on n vertices in which no two 
cycles have the same length. In 1975, Erdés raised the problem of determining f(n) (see 
[1], p.247, Problem 11). Shi[2] proved that 


f(n) > n+ [(V8n — 23 + 1) /2] 
for n > 3. Lai[3,4,5,6] proved that for n > (1381/9)t? + (26/45)t + 98/45, t = 360q + 7, 


f(n) >n+19t-1, 
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and for n > e?"(2m + 3)/4, 


f(n)<n-2+ ynln(4n/(2m +3)) + 2n + logo(n + 6). 
Boros, Caro, Füredi and Yuster[7] proved that 
f(n) <n+1.98Vn(1 + o(1)). 


Let v(G) denote the number of vertices, and e(G) denote the number of edges. In this 
paper, we construct a graph G having no two cycles with the same length which leads to 
the following result. 


Theorem. Let t = 27720r + 169 (r > 1), then 


f(n) >n+32t-1 


691142 , 514441, _ 3309665 
for n > ee t o 


2 Proof of Theorem 


Proof. Let t = 27720r + 169,r > 1, ni = EALL? | Sly — 3309665,7 n > nm. We shall show 
that there exists a graph G on n vertices with n + 32t — 1 edges such that all cycles in G 
have distinct lengths. 

Now we construct the graph G which consists of a number of subgraphs: B;, (0 < 
i < 21t + TL — 58, 22t — 798 < i < 22t + 64, 23t — 734 < i < 23t + 267,24t — 531 < 
i < 24t + 57,25t — 741 < i < 25t + 58,26t — 740 < i < 26t + 57,27t — 741 < i < 
27t + 57, 28t — 741 < i < 28t + 52, 29t — 746 < i < 29t + 60, 30t — 738 < i < 30t + 60, and 
31t — 738 < i < 31t + 799). 

Now we define these B;’s. These subgraphs all have a common vertex x, otherwise 
their vertex sets are pairwise disjoint. 

For Tti < i < t — 742, let the subgraph Bigt+2i+1 consist of a cycle 


— 1,2 144t+13i+1463 
Cot+ 2441 = LL; U,V; x 


and eleven paths sharing a common vertex x, the other end vertices are on the cycle 


C 19t+2i+1: l 
A UP gee 
relata. , P ar i al 
wat se?,. C as 
wa} ga? pa Ui? gr 313) /24+-4i 


1.2 (15t—1)/2_(111t+313)/2+5i 
LL; 5X55... Lig x; 


12 
LU; LiT 


1 209 
TTi otio t 


1 n2 
Titine 


-Ti 10 i 


1.2 17t-1)/2_ (131t+311)/2+6é 
LX; 6X5 g---Xi.g x; 


17t—1)/2_(151t+309)/2+7i 
7 Ti 


1.2 9t—1)/2_(171t+297)/2+8i 
LX; gUj g- -Tig T 


1.2 9t—1)/2_(191t+301)/2+9i 
LX; 9X5 g- Lig Tì 


(21¢—1)/2 „(211t+305)/2+10i 


(t—571)/2 „(251£+2357)/2+11i 


-Ti 11 i 


From the construction, we notice that Bigt+2;+1 contains exactly seventy-eight cycles 


of lengths: 


Zia 57, 


25t +2 


29t +i 


1, 


32t + 2i — 51, 


36t + 2i, 


40t + 2i 
43t + 3i 


5, 
215, 


ATt + 31 — 7, 


58t + 4i 


1314, 


55t + 4i — 2, 


59t + 4i 
65t + 5i 


740, 


207, 


69t + 52 
TOt + 62 


739, 


201, 


87t + T 


87t + Ti — 4, 


95t + 82 


1309, 


209, 


105¢ + 9i + 151, 
116¢ + 102 + 153, 


134¢ + 122 + 1522, 


22t +i+7, 23t + i+ 210, 
26t + i, MEST 

30t +i+3, EE er 
32t + 2i +216, 34t + 21 + 209, 
36t +2i— 1, 38t + 2i — 6, 
40t + 2i +744, 49t + 3i + 1312, 
44t +3i +209,  45t+3i—1, 
48t + 3i — 4, 49t + 34 — 1, 
53t+4i+157, 53¢+4i+215, 
57t + 4 — 7, 57t + 4é — 5, 
68t + 5i +1316,  63¢+5i +157, 
66t + 5i — 8, 67t + 5i — 5, 
77 +6i+1310, 74t + 6i+ 156, 
76t + 6i — 6, 78t + 6i — 3, 
84t +7i +155,  85t+ 7i +207, 
88t + 7i +738, 96t + 8i + 1308, 
97t + 8i +205, 97t + 8i +737, 
106t +9i +211, 107+ 9i + 946, 
116t + 10i +952, 125t+ 1li+ 1516, 
144t + 13i + 1464. 


3At, 
28t +i 
19t + 2i + 
34t + 24, 
38t + 2i — 


42t 


46t + 3i — 


50t 


Sot 


59t + 4i — 


64t 


68t + 5i — 


T4t 
78t 


86t 
95t 


81 


106¢ 
115t 
126t 


102 


+ 91 + 1308, 


1li 


1307, 


Similarly, for 58 < i < a let the subgraph Bo1;4;~57 consist of a cycle 


and ten paths 


1,2 
TY; 2Yi 2- 


1,2 
TY; 3i 3: 


13t—1)/2 
aa 
2 ( 


13t—1)/2_ (71t 
hye i Yi 


5lt 


1,2 _ 126t+11i+893 


x 


11t—1)/2 (31t—115)/2+4+7 
cyt y?y yt ry! ui 


—103)/2+2i 


+315)/2+3i 


894, 


15t—1)/2 (91t+313)/2+47 
cyt yey yee ys l 


1.2 15t—1)/2_ (111t+313)/2+5i 
TY 5 5Yi 5- Yi 5 Yi 


1.2 17t—-1)/2. (131t+311)/2+6i 
TYi 6Yi,6- Vib Yi 


1.2 17t—1)/2_ (151t+309) /2+7i 
Yi TYi T- Yi, Yi 


1.2 19t—1)/2_ (171#+297) /2+8i 
TY; 8Yi.8-- Vig Yi 


1 2 19t—1)/2_ (191t+301)/2+9i 
LY; 9Yi 9- Vig Yi 


1 2 21t—1)/2_ (211t+305)/2+10i 
LY; 10Yi,10°*-Yi,10 Yi . 


Based on the construction, B21t+i-57 contains exactly sixty-six cycles of lengths: 


Nida be, yeaa a 23t+i +210, 24t+i, 

25t +i +1, 26t + i, Q7t +4, 28t +i —5, 
29t +i +3, 30¢ +i +3, 3lt+i+742, 32¢+2i—51, 
32t+ 2i +216, 34¢+21+209, 34t +24, 36t + 2i, 

36t + 2i— 1, 38t + 2i — 6, 38 +2i-3, 40¢+ 2145, 
AOE +2i+744, 42t+3¢+158, 43¢+3¢4+215, 44¢+ 31+ 209, 
45t + 3i — 1, A6t + 3i — 1, AA BEY. AEA, 
49t + 3i — 1, 50t +3i +746, 53t+4i+157, 53t+4i+ 215, 
55t + 4i +208,  55t+4i-—2, Bit +4i—7, 57t+4i—5, 
59t + 4i — 2, 59t +4i +740, 63t+5i+157, 64t + 5i+ 214, 
65t + 5i +207, 66t+5i—8, 67t+5i—5, 68t+5i—3, 
69t + 5i +739, 74t+6i+156, 74t+6i+213, 76¢+6i+ 201, 
76t + 6i — 6, 78t + 6i — 3, 78t+6i+738, 84t+7i +155, 
85t+7i +207, 86t+76+203, 87t+7i—-4, 88+ 7i +738, 
95t + 8i +149, 95t+8i+209,  97t+8i+205, 97t+8i +737, 


105¢+97+151, 106t+9i +211, 107t+9i+ 946, 116¢+ 102 + 153, 
116¢ + 10: + 952, 126¢+4 117+ 894. 


Bo is a path with an end vertex x and length n — n. Other B; is simply a cycle of 
length i. 
It is easy to see that 
194+ H 
vG) = v(By) + DL (eB) = 1) + DTH (o(Broeyaias) — 1) 
+ DE malu v(Big2i+2) — 1) + Ditu- (v(Bi) — 1) 


-7 
a Le (v(Bottsi-s7) — 1) + Xitan 708 (0(Bi) — 1) + eee rsa (v( Bi) — 1) 
ale oats 31 (U(Bi) se pas 25t— Pe nai (U (B:)— 1) + Diea r40(U( Ba) = 1) 
+ ete ra (u(Bi) — 1) + Eseo (o( Bi) — 1) + Cog eas(v( Bi) — 1) 
+ oe ebe ras(u(Bi) — 1) + Disiet (v(B:) — 1) 


Tt+1 
= n—-m+1+D,4 ? @-1)+ Di er (144t + 13i + 1463 
11t-1 13t—1 13t—1 15t—1 i 154-1” i 17t—1 17t—1 


197 1 197 1 ait 1 t al 2 742 2 = 
FE aok) 


2 2 2 


7t—7 
ay Da ETA) — 1) + 55, 5,(126¢ + 11i + 893 
1lt-1 | 13-1 | 13t-1 , 15t-1 | 15t-1 , 17-1 | 17t-1 


197-1 198-1 217-1 2094464 : : 2 2 
2 ) f > (i — 1) 


D34267 r atar 25t+58 À 
+ Viz o3e—734(t — 1) + Dicas l — 1) + Xioreli— 1) 
+ zo al Ser palin C —1)+ a aN -= 1) 
+ Lisa neli — 1) + D2 sbe-730(@ — 1) + Zisrorsli— 1) 
= n= n, + ig (—3309665 + 1028882t + 6911¢?) 
=: 


Now we compute the number of edges of G 


19t+ TE t—742 
eG) = e(Bo) + Xi- (By) +> = Tet e(Bigt+2i+1) 


i 
t—742 21t 
+ ja e(Bigt+2i+2) + J i-21t—1481 e(Bi) 
7t—7 

= 22t+64 23t+267 

T Liss el Baitsi—s7) F 22i=22-798 e(B;) + sim 23t— 734 e(Bi) 
a a 
Giy Di aTi Tal e(Bi) + Pi ABL TAI e(Bi) + 2 i=29t-746 e(Bi) 
+ Vi=s0r—738 €( Bi) + Visit 738 €(Bi) 
1ot+ H : t—742 , 
= n-m +Ð i+); n (144¢ + 13i + 1464 


11t+1 13t+1 13t+1 15tẸ1 , 15t+1 |, 17t+1  17t+1 
| 


19f 1 19f+1 2af 1 t $7142 ; 2? A 
3 2 5 3 ) +}; mn(l19t+2i+2) 
8 


T7 
+E e1481 i + Dy sg (126¢ + 11i + 894 
11t4+1 13t+1 13t+1 15t+1 , 15t+1 , 17t+1 17t+1 
T T 2 2 


2 2 2 2 
19t+1 19t+1 2M1) | MS 
2 2 } 
23t+267 


; 24t+5 : t+58 ; 
E eee eee ce 
+ ia ee « a5 A 
+ 96-740 Í + i—i 741 t+ 2 i—28t741 2 
ae S294 60 i 5530+60 j | 5~31t+799 j 
i=29t—746 i=30t—738 i=31t—738 
= n-mt+ ig (—3309681 + 1029394t + 6911t?) 
= n+32t—1. 


Then f(n) > n+ 32t — 1, for n > nm. This completes the proof of the theorem. 


From the above theorem, we have 


= 2562 
lim inf Fm". Io + 


a. ~ 6911’ 
which is better than the previous bounds v2 (see [2]), 4/2 + #82 (see [6]). 
Combining this with Boros, Caro, Füredi and Yuster’s upper bound, we have 


f(n) f(n) 


—n =n 
1.98 > lim sup ———— > lim inf ———— > 1.5397. 


n—-0o n—> o0 
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